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This uticl. duriba m rpptorh towvd a rrndom number sen- 
eruot that p.rr d of tho ruingait twu for rrndamnwr w have 
put to i t ,  m d  thrt u able to p d u u  exutly the urrw rwquonu of 
upifarm rrndom v u i r b i a  in wide y i e t y  of computers, including 
TRSIO, Apple, Muintorh, C o d  ore, Ksypro, IBM PC, AT, PC 
md AT clona, Sun, V u ,  IBM 360/370, 3090, hndrhl, CDC Cybir 
m d  even 205 urd ETA supercomputers. .- 
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Introduction 

ht unential property of a random number generator k that it produce 
a satisfactorily random sequence of numbers. Increasingly sopnisticated 
w have raised quutioru about the suitability of m y  of the comonly  
avrilable generaton-see, for example, refuence [I]. Another shortconing 
in m y ,  indeed most, random number generaton u they are not able to  
produce the sune sequence of vu i ab l a  in r wide vuiety' of computen. 
Such a requirement seems esentid for m experimental science that l& 
standardized equipment for verifying r u u l t t .  

We address t h u e  deficiencies here, suggesting a combination generator 
tailored particularly for reproducibility in d l  CPU's with at least 16 bit 
integer arithmetic. The random numbers themrelva u e  re& with 24-bit 
fractions, uniform on (0,l). We ptovide a suggested Fortrrn impiementa- 
tion of thir ''univu.dn gmuator ,  together with suggested sample output 
with which one may verify that a prrticulu computer produces exactly 
the srm+ bit patterns u the computur enumerated in the abatrut.  The 
Fortran code t ro rtraightforr~ud thst V ~ M  b y  be d y  writ- for 
other languages; so far, correspondats have written or coafirm+d d t r  
for Buic, Fortrm, P d ,  C, Modula II m d  Ada versions. 

A list of desirable propertiar for a rurdom number generator w t  
include: 

1. Randomncrr. Providu. a mquence of independent uniform r a -  
dom variables suitabk for d ruronable applications. Ln putic- 
ulu,  purer  all the lo tut  t a t s  for rurdomnur urd independence. 

2. Long Fcn'od. Able to produce, without reputing the initial 
sequence, all of the rrndom variables for the huge srmplu that 
current computer speech mikc porsible. 

3. E f i c i e n e y .  Execution k rapid, with modest memory require- 
menu. 

4 .  R c p a t a b i l i t y .  1nit&l conditions (seed values) completely deter- 
mine the raulting sequence of random vuiablu. 

5 .  Por tab i l i t y .  Identical sequencu of random variables may be prc- 
duced in a wide variety of computen, for given starting valua. 



6. Homogrneity. .I11 subsets of bits of the numben nus t  be ran- 
dom, iron the most- to the least-significant bits. 

2 Choice of the 'Method 

We seek a generator that h= all of these desirable properties, (All? Well, 
almost all; the generator we propose falls short on eficiency, for i t  is slower 
thrn some of the st-dud, simple, mrchinc-depehdent generators. But 
all of the s tandud generatom fail one or more of the stringent tests for 
randomnesr. See (11.) 

Our choice is a combination generator. It combines two different gen- 
erators. The principal component of the two h u  a very long period, about 
10%. It is r iagged-Fibonacci generator bmed on the binvy operation z l y 
on reals z md y d e h e d  by 

t e y =  { i f z z y  then z -y ,  e k e z - y + l ) .  

Ultimately, we require a ae~ucnce of reah on (0,l): U1, Us, Us,. . . , erch 
with a 24-bit fraction. We chaore 24 bitr b c u w e  it ia the most common 
fraction size for ainglc-prtcuion re& .nd bctruw the opetrtion t l y un 
be crrried out ucrctly, with no 1- of bits, in mart computers-thoae with 
r e i k  having fmctioru of 24 or more bib. 

This choice allowa us to w e  a lagged-Fibonacci generator, da ign rkd  
F(rg,e), u the buic  component of our univexad generator. It provida a 
sequence of reak by rnclnr of the operation z y: 

with &, = l =,,-,. 
The lags r m d  8 ate  chosen so that the sequence is artisfutorily random 
a d  h u  a very iong period. If the initial ( a d )  d u e s ,  zl ,r2, .  . . ,r, are 
e u h  24-bit frutioru, ri = Ii/2", then the resulting aequence, generated 
by I- = z,,-, z,,,, will produce a aequence with period m d  structure 
identical to that of the corresponding sequence of integers 

with I, = I,,, - I,,, mod 2". 

fo r  suitable choices of the lags t and s the period of the sequence is (2" - 
1 )  x 2'". The need to  choose r large for iong period and randomrtess must 



be balanced with the ruul t ing memory costs: a table oi the r most recent 
z d u a  m u t  be stored. We have chosen r = 9 7 , ~  = 33. The resulting 
cost of 97 storage locations for the circular list needed to izplement the 
generator seenu reasonable. A few hunGed memory locations n o r e  or l e u  
is no longer the problem it used to be. The period of the resulting generator 
b (2% - 1) x 2w,  about 2lZ0, which we boost to 2'" by the other part of the 
combination generator, described below. Methods for establishing perio& 
for lagged-Fiborucci generatom u e  given in reference 12). 

The Second Part of the Combination 

We now turn to choice of a genuator ' to  combine with the F(97,33,.) chosen 
above. We u e  not content with tha t  generator done, even though it hrr 
an extremely long period and a p p e s n  to be suitably r m d o m  from the 
a t r i n g a t  t u ~  we have applied t o  it. But it f r ik  one of the teuta: the. 
Birthday-Spacings Tat. A-typiul vvrion of this t a t  g w  u foliows: let 
uch of the generated d u e s  t l ,  tl, . . , repratrrt  a .birthday" in a vuf 
of, say, ZM days. Chcnne, say, m = 512 birthdays, zl,zt ,..., r, . S d  - t h e  to get ~ ( 1 )  5 z(q _< - * *  5 Form spacings yl = t(l),fi  - 
~ 2 )  - z(r), ~3 = ys) - =ti), , U- = z(,) - q--i). Sort the  ~uinp, 
getting U(r) 5 y(t) *-• y(-1. The tclt s k t b t i c  is J, the number of 
duplicate valuer in the  sorted spacings. i.e., initialize J- 0 then for i = 2 
to m, put J + J + I if y(;) = y(;-1). The resulting J should have a Poiuon 
dittribution with m u a  X = ma/(4n) = ma/2". 

Lagged-Fibonuci generatom F(r,s,e) fail this tat ,  u n l a s  the lag r is 
more th.n 500 or  the  b i n y  operation * L multiplication for odd integen 
prod2'. The count J ,  the number of duplicate sprcingt, L only uymp- 
toticdly Poison distributed, requiring that n, the length of the y e u ,  be 
luge.  Applicatiom of the Birthday Spuings Tat  typicdly choose n to be 
100,000 or more-for exunple,  wing the leftmwt 18 or more bits of the 
rrndom number t o  prwide  . 'birfhday". 

Detailed discusion of the tGt m d  t a t  results will a p p e u  ekewhere, but ~. 

here u e  results of r typical t a t  on four different generatom: two lagged- 
Fibonacci generaton using subtraction, a lagged-Fibonacci generator us- 
ing multiplication on odd integers, a d  o popu1a.r congruential generator, 
=, = 69069=,,,, all for r=lodulus 212. The leftmosr 25 bits are used to 



choose one of 512 birthdays. Thus n = 2 l s  and m = ?', so J shouid be 
Poisson distributed with X = mJ/(4n) = 1. Of the four, only the F(97,33,.) 
and the congruential generator pus .  The two iagged-Fibonuci  generator^ 

using subtraction fail the test. Their dupiicatc-spbcing counts are far from 
Poisson distributed, and remain so, whatever the choice of seed va iua ,  (and 
for a wide variety of choicu of n, m and lags r, s as well). 

A Bir thday-Spacings  Tes t  for Four Generatori 
duplicate number F(97,33, -) F(55,24, -) . F(97,33, i) Congruential 
spacings expected observed observed observed o bsemed 

0 36.79 4 1 29 4 1  3 6 
1 36.79 16 14 3 3 3 7 
2 18.39 18 34 20 20 

3 3 8.03 25 23 6 7 

Chi-squue for 3 d.f. 48.1 
Probability of better fit 1.0000 

In orda t o  get r generator that prrra d l  the stringent testa we ham 
ipptied, we have resorted to combining the  F(97.33, a) sen-tor with a 
second genemtor. Combining diflchnt generators hrr strong theomtied 
support; s* [I]. 

Our choice of the nccond generator b a simple arithmetic sequence for 
the prime modulua 2U - 3 = 16777213. For m initial integer I, subsequent 
integers u e  I-k, I-2k, I-3k,. . . mod 16777216. This may be implemented 
in 24-bit reds,  again with no bits lost, by letting the initid vllue be, say 
c = 362436/17666216, then forming succasive 24-bit reds by t he  operation 
c o d, d e h e d  u 

Here d is some convenient 2Cbit rational, say d = 7654321/16777216. The 
resulting sequence har period 2" - 3, u r d  while it is fu too regular for 
use alone, it serva, when combined by means of the operation with the 
F(97,33,.) sequence, to provide a'iornposite requence that meets all of the 
criteria mentioned in the introduction, except for efficiency. All of the 
operations in the combination generator are simple and efficient, and the 
generation part is quite simple, but the setup procedure, setting the initial 
97 = v a l u a ,  is more complicated. than the generating procedure. \Ve now 
turn to details of implementation. 



Implementation 

We have two b i n ~ r y  operations, each able to produce exact arithmetic on 
re& with 24-bit fractions: 

= r y = {if t >_ y then = - y,  eke r - y t 1) 
c o d = {if c 2 d then c - d, eke c - d i 16771213/16777216). 

We require computer irrstnrctions that will generaw two aequenca: 

Z ~ , Z ~ ~ Z ~ , . . . , ~ O T , ~ Q ~ ~ ~ - -  with z, = =,-or G-S, 

c l , C ~ , c a , - - ~  with c, = en-, o (7654321/16777216), 
then produce the combined sequence 

U~,ut ,  us,... with Ui = z, G. 

The c sequence requira only one initid vdue, which we arbitrarily n t  
to cl = 362436/16777216. The z sequence requira 07 initid (reed) vriucr, 
uch a r e d  of the fonn I/16777216, with 0 I L 16777215. The ml;n 
problem in hplemeat&-the universal generatot L' in h d h g  a mitable 
way to  wt the 97 *baitid d u u ,  a wry that  u both rsndom and conskkrrt 
from one computer to another. 

The F(97.33,--dl) generator is quite robust, in that it gives good 
m l t r  even for bad *bitid valuu. Nonetheless, we feel that the initial 
table rhouid itself be filled by m c u u  of a good generator, one that n d  
not be frrt bauuse it is wedonly for the setup. Of course, we might u k  
that the wer provide 97 reed d u e s ,  &.with an exact 2bbit  fraction, 
but thr t  rnms too meat r burden. After considerable urperimentation,.we 
rue-d the following procedure: 

Assign values bit-by-bit to the initial table U(l), U ( 2 ) ,  . . . , U(97) with 
a rrndom requence of bits bl, bt , ba, . . . . T h u  U (1) = .bl 62 . . . &', U ( 2 )  = . . 

.b6h. .  . bo u d  so on. The requence of b iu  is generated by combi&( 
two different generators, erch suitable for exact implementation in any 
computer: one a 3-lag Fibonuci generator using multiplication, the other 
m ordinuy congruentirl generator for modulus 169. 

The two sequencu thrt are combined to produce bits b l ,  b2, ba, . . . are: 

with 
with 

Yn = yn-3 x Y"-2 x yn-1 mod 179. 
=, = 53z,-, - 1 mod 169. 



Then 6; in the sequence of bits is formed as the sixth bit of the product g,z,, 
wing operations which may be curied out in most progr-ng languages: 
6; ={if yiG mod64 < 32 then 0, else 1). 

Chocming the smd! moduli 179 and 169 ensures that arithmetic will 
be exact in ail computers, after which combining the two generators by 
multiplication and bit extraction stays within the range of lGbit integv 
arithmetic. The r a u l t  is a sequence of bits that passes extensive tests for 
randomness, and thus seems m i l  ruitcd for initializing a univenal genm-  
tor. 

The user's burden is reduced to providing three seed valua for the 3- 
irg Fibonrrci sequence, and one seed value for the congrumtial sequence 
z, = 5 3 ~ , ~  + 1 mod 169. For Fortran implementations of the universal gen- 
erator, we recommend that r table U ( 1 )  , . . . . U(97) be shared, in (labelled) 
COMMON, with a setup routine, say RSTART(1. J .K.L), and the function 
subprogr- UHI 0 ,  that r e t u r n  the required uniform nrirk. An dtcriu- 
ti& a p p l w h  h to ha* a tingle t ubp ropun  that includa m entry for the 
setup procedure, but not all Fortran compilers rllorr d t i p k  entrics to  r 
subpropun. The t teddua  for the tetop rrt 1,J .K.  and L. Hctt I , J , X  
nxnst be in the rmge 1 to 178, .nd not d l  I, while L may be urp integer 
from 0 to 168. If (potitin) integer  vrlu- ue'rrrigned to I, J.K,L outside 
the tpaified ruigsr; the generator will still be utirfutorg, but may not 
produce exactly the tame bit patterns in diffvent cornputem, because of 
uncenrintia when integer operatiom involve more than IS bitr. 

To use the generator, one rmut k t  CALL RSTARI ( I. J . K . L) to ref up 
the table in labelled comman, then get subsequent uniform rrndom vari- 
abler by using VllI 0 in aa expression-as, for example, in X-V#f 0 or 
Y-2. *UXI 0 -ALOC CUHI 0 ) , etc. 



FORTRAN SUBPROGRAMS FOR'INITIALIZING AND CALLING UNI 

FUNCTION UHIO 
C*** FIRST CALL RSTART(I,J,K.L) 
C*** WITH I,J,K,L IHTECEFS 
C*** FROM 1 TO 168, NOT ALL 1 
C**e NOTE: RSTABT W C E S  I .J .X,L 
C*** SO BE C A E m L  IF YOU EtKE 
C*** nm4.X~ TBE CALLIHC PrncUM. 

REAL U(97) 
C W O U  /SEtl/ U.C,CD,CX.IP,JP 
UHI=U(IP)-U(JP) 
IF(M1.LT.O.) UXI=MI+I. 
U(IP~=WI 
IP-IP-1 

Y(IP.EQ.0) IP-97 
JP-JP-1 

IT(JP.EQ.0) fPIOT 
CIC-CD 
II(C.LT.0.) C-c+m 
VII-UXI-C 
acmx.tr.o.> VII-MI*I. 
%Emu 
a0 

5 Verifying the Universality 
We norr ruggut a short Fort- progrun for verifying tha! the univerrd 
generator will produce exutly the same 24-bit reds that other compute- 
produce. Convurion to ur cquivdent Buic, P d  or other progrrm should 
be truupucnt, but those who wi& to znay get the setup, genuathg ~d 
verification progrrmr for various I m p y e s  by writing to the ruthon. 



Assume then that you have implemented the UNI routine with i ts  
RSTART setup procedure in your computer. .Running this short progr- 
or aa equivalent: 

CALL RSTART(l2,34,56.78) 
DO 6 11-1.20006 
x-tnrxo 4: 

6 IF(II.gt.20000) print 21. (HOD(TNI(X*~~.~*I) .16)'.1=1.7) 
21 ?'ORMAI(ciX.713) 

ERD 

should produce this output: 

6 3 1 1  3 0 4  0 
13 8 16 11 11 14 0 
6 1 6  0 2  3 1 1  0 
5 1 4  2 1 4  4  8 0 
7 16 7 10 12 2 0 . 

H i t  does, you will h o d  cat- d.r. r d v a d  radam.zxum- 
ber generator- that p.l.c. dl the stmdud tats, md .11 the latest-- 
stringat-tats for r u a d o m n ~ ,  h u  an incredibly long period, about 2lu, 
and, for given RST- due. IJJCJ,, prodac- the sune 8eq1xeace of 2 4  
bit reds  u do rlmoet .II othcr commonly-used computers. 

Good Luck. 
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